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In the present note, we give a simple general proof for the existence of solutions of the following two types of variational problems: PROBLEM In §1, we give a complete self-contained treatment of the existence of minima of functionals on reflexive Banach spaces, a treatment which extends and strengthens earlier studies by Lusternik, E. Rothe, Vainberg, and others (see [ó] , [il] , [12] , [14] , [15] ). In §2, we apply the results of §1 to Problems A and B, above. In the case of Problem A, we strengthen and simplify results of Morrey [lO] and Smale [13] . The relation of the resulting existence theorem for the solution of the variational boundary-value problem for equation (1) to those obtained by the writer in [2] 
THEOREM 5. Let V be a reflexive Banach space, $ a semi-convex real function on VX V, g a weakly continuous real function on V, f(v) =$(v, v) for v in V. Suppose that f and g are differentiable on V, that f or a given constant c in R 1 the set C= {v\g(v)=c} is nonempty f and that g'C^^O for v in C. Suppose further that f(v)-*+co as \\v\\->+°° on C, then there exists v 0 in C and X in R 1 such that f'(vo) = Xg'(!/o).

Theorem 5 is an immediate consequence of Theorems 3 and 4.
A useful complement to Theorem 5 is the following: 2. Nonlinear eigenvalue problems. We adopt the notation of [2] and [3] in general, except that all our functions will be real-rather than complex-valued. Let £2 be a bounded, smoothly bounded open
an . We assume that we are given positive integers r and m, a real number p with \<p < 00, and a closed subspace V of the reflexive Banach space W mtP (Q) of r-vector functions u on 0 such that D"w£L p (0) for all a with |a| ^w. Let (, ) denote the natural inner product in R r and for two real-valued r-vector functions u and v on Q, set
where the integration is taken with respect to Lebesgue w-measure. Let f = {f«| \OL\ =m} and yp= {\pç\ |£| ^m -1} be elements of the real vector spaces R N and R M , respectively, where for each a and £, f« and fc are real r-vectors. We assume that we are given two functions P(x, *, f), G(x, ft defined on Q,XR M XR N and Q,XR M , respectively, measurable in x and C l in (yp, f) or \f/. We let F at F^ and G$ denote the appropriate partial gradients of the functions F and G with respect to f a and ^.
We suppose that F and G satisfy the following system of inequalities:
I Ft*, #, f) I ^ *(*) {*(*) + I r I* + 2, I *« h}. for all yp in R M , a; in 0, and f and 77 in R N (where F a p is the gradient of F a with respect to $>, which we assume to exist) ; then $ will satisfy the monotonicity condition of Theorem 6 and thereby condition (a) for semi-convexity.
Applying Theorem 2, we have:
